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Abstract. In Sen's theory in the imperfect residue field case, Brinon defined a functor from the category 
of Cp-representations to the category of Unear representations of certain Lie algebra. We give a comparison 
theorem between the continuous Galois cohomology of Cp-representations and the Lie algebra cohomology of 
the associated representations. The key ingredients of the proof are Hyodo's calculation of Galois cohomology 
and the effaceability of Lie algebra cohomology for solvable Lie algebras. 

Introduction 

Let p be a prime and let X be a CDVF of characteristic (0,p) with residue field kK satisfying [kK ■ < 
oo. Let K be an algebraic closure of K and let Cp be the p-adic completion of K. Let ti, . . . ,td G K he a, 
lift of a p-basis of kx and let Kao = K{fipoa , . . . , ). Let Gk = G^,j^ and F = Gk^/k- 



In |Bri|, Brinon generalized Sen's theory to the imperfect residue field case. Let us recall it briefly. In his 
theory, he first established a canonical equivalence of categories 

RepCpGif ^ Rep^^ r 

where Rep^^ Gk is the category of Cp-representations of Gk and Rep^^^ F is the category of /Coo-representations 
of F. Then, he defined a functor 

Repjf^F ^ ReY>QKac 

where Rep 0if ^ is the category of i^oo-linear representations of g = Lie(F). Let Z^son be the composite of 
these two functors. He also proved that, for a Cj,-representation V ^ the canonical map 

K^®K Kont{GK,V)~^\i''{QK^,DsUV)) 

is an isomorphism. Here, the LHS is the continuous Galois cohomology and the RHS is the Lie algebra 
cohomology. 

The aim of this paper is to extend this isomorphism to that of (5-functors: 
Theorem 0.1 (Main Theorem). There exists a canonical isomorphism of 5 -functors 

Koo ®K Hcont(GK, -) = ^{QK^ , Dscni-))- 



The main part of the paper is from §0to §0. In §H, we point out errors in |Bri| and show how to fix them 



We decide to include it since results of |Bri| are used in the paper. 
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Notation and convention 

Let p be a prime. Unless a particular mention is stated, let K he a CDVF of mixed characteristic (0,p), 
kK be the residue field of K and assume that [fc^ : fc^] = p"^ < oo. Denote by Ok, t^k the integer ring and a 
uniformizer of K. Fix an algebraic closure K of K, let Cp be a p-adic completion of K and let Gk — Gj^^j^. 

For a profinite group G, denote by Hcont(G, — ) the continuous Galois cohomology of G. For a Lie algebra 
g, denote by H(g, — ) the Lie algebra cohomology of g. For an abelian category A, denote by Ext^ the 
Yoneda's Ext group in A (put Ext^ — Hom^). Note that if F : ^ ^' is an additive, exact functor of 
abelian categories, then F induces a morphism of (5-functors Ext^(A, — ) Ext^/(i^(A), F{~)) for A ^ A. 



For a comimitativo topological field R and a profinitc groups G, which continuously acts on R, an R- 
representation of G is a finite dimensional ii!- vector spaces with continuous semilinear G-action. Let Rep^jG 
be the Tannakian category of ii-representations of G. V & Rep^G is admissible if y = i?<i™« ^ in Rep^G, 
that is, dim^G V'^ = dimflF. We have a canonical isomorphism Yi^^^^{G,V) = ¥jyii^^^^Q{R,V) for V e 
Rcp^G and wc also have a canonical identification 11].^^^{G, V) = Ext^gp^(j(i?, V) which sends a 1-cocycle 
s to the extension 

> V — ^ V®R R ^ 0, 

where the G-action on F © ii is given by g{v, r) = {g{v) + s{r), g{r)). 

For a field K, let Ycck (resp. Vcc^) be the category of iC-vector spaces (rcsp. finite dimensional K- 
vector spaces). For a finite dimensional Lie algebra g over K, let Repg be the Tannakian category of finite 
dimensional linear representations of g over K. 

For a Tannakian category T, denote a unit object by Iq- and the dual of X £ T by X'^ . For Tannakian 
categories 7^, 7^, a functor F : 7^ — > 7^ is called a functor of Tannakian categories if F is an additive, exact, 
0-functor in usual sense and commutes with ^. 

For an abelian category A, denote by A"'^ the full subcategory of irreducible objects of A. A/^ denotes 
the class of the isomorphism classes of the irreducible objects of A. In this paper, we always assume that 
is a set. Let Z{A) be the free Z-module with the basis A/^. In the case that the objects of A have 
finite length, let I : A ^(-^) be the additive map sending A G A to the formal sum of its Jordan-Holder 
factors and let #/ : ^ ^ Z be the usual length function. 

1. General lemmas and the Lie algebra cohomology 
The following lemmas will be used later and the readers can skip this section for a while. 
Lemma 1.1. Let T be a Tannakian category. Then, there exists canonical isomorphisms 

Ext^{X ^Y,Z)^ Ext^{Y, (8) Z), n > 

for X,Y,Z€T. 

Proof. We can assume n > 0. We construct a canonical map <!) : Ext5-(-^ ^Y,Z) — > Ext^(F, Z) and 
an inverse tp as follows: For an exact sequence 

£ : > Z > Wn-i ^ > Wo ^ X^Y ^ 0, 

define (p{[£]) := [(f>{£)] e Ext^(F,X^ O Z) as the pull-back diagram 

0(f) : ^ ® Z ^ ' ^ ^ Y > 

r ... r r 

X'^ (g,£:0 ^ X"" (E)Z ^ ® Wn~i ^ ® Wq ^ (g) X ® y ^ 

where the right vertical map is induced by the canonical map Iq — > X^ X. In the same way, for an exact 
sequence 

s' : — ^ ® z — ^ w;;_i ^ ^ > Y > 0, 

define i^i[£']) :== [i'i£')] e Ext^(X (g) Y, Z) as the push-out diagram 

X®£' :{) ^ X®X^ ®Z ^ X ® ^ ^ X®W^ ^ X ®Y ^ 

J J ••• J 

^(f) : > Z > Wn-i ' > Wo ^ X®Y > 

where the left vertical map is induced by the canonical map X ® X^ — »■ I7-. It is easy to check that (j> and 
ip are well-defined and inverse to each other. □ 

2 



Lemma 1.2. Let A he an abelian category whose objects have finite length. Let Z be a subset of A/^ such 
that 

Ext^(z, z') = 0, Ext^(z', z) = fori^ 0, 1, for all ze Z,z' e Z' 

with Z' = (A/^) \ Z . Let A^ (resp. A^ ) be the full subcategory of A whose objects are extensions of objects 
of Z {resp. Z'). For A ^ A, choose a maximal subobject ^ A belonging to A^ and let p^ (A) = A^ 
and let p^ (A) = A^ G A^ similarly. Then, A^ {resp. A^ ) is an exact, abelian subcategory of A and 
p^ : A ^ A^ {resp. p^ : A ^ A^ ) is an additive, exact functor of abelian categories and the functor 

{p^,P^') -.A^A^xA^' 
induces an equivalence of abelian categories. 

Proof. Obviously, A^ ,A^ are exact, abelian subcategories of A. Since A^ ^ A is a maximum subobject 
satisfying the condition, any given morphism f : Ai ~> A2 induces a unique morphism p^ {f) '■ Af — > 
which is compatible with the injections Af ^i,^f ^ A2. Indeed, the injection f{Ai) ^ A2 uniquely 
factors thorough ^ A2, the composite Af — > f{Af) is the desired morphism. This implies that 

p^ is an additive functor and p^ is also an additive functor by the same argument. The rest of the assertion 
follows from 

Ext^(z, z') = 0, Ext^(z', z) = for z e A^ , z' G A^' 
A = A^ ® A^' . 

Let us prove these: The first part is trivial. We prove the second part by induction on r = ^1{A); r = 1 is 
trivial. For general r, first, we have A^ D A^ = 0. Assume A^ ^ 0. Then, we have {Aj A^')'^ = and a 
split exact sequence 

^ A^ ^ A {AjA^f ^ 

and we have s((A/A^)^') C A^' , i.e., A = + A^' . In the case A^ = 0, we have A^' ^ and the same 
argument works. □ 

At last, we recall about Lie algebra cohomology. Let iiT be a field of characteristic and g be a finite dimen- 
sional Lie algebra over K. Denote the universal enveloping algebra of g by J/g and regard a representation 
of g as a left C/g-module. Lie algebra cohomology is the (5- functor II(g, — ) := Ext;7g(i^r, — ) : Repg — > Vec^. 
Note that Lie algebra cohomology commutes with a change of base fields. 



Definition 1.3 ( | Wei , Corollary 7.7.3]). For V G Repg, the Chevalley-Eilenberg complex Homx(A*g,l^) is 

the complex 

^ HomK(AOg, V) Hom^f(Aig, V) UomK{/\^3, V) ■ ■ ■ 

where : Hom/f(A«g, V) -> Hom^lA'^+^g, V) is given by the following formula: 
for/GHomK(A«g,l/), 

A---AX,+i) = A---X,---AX,+i) 

l<i<q+l 

+ J2 (-ir+'/d^M^j] AXiA---X,---Xj---AX,+i). 

l<l<]<q+l 



Lemma 1.4 ([Wei, Corollary 7.7.3]). For V G Repg, we have a canonical isomorphism 

H«(g,l/) ^H«(HomA-(A'g,y)). 



Definition 1.5 (| Wei, Definition 7.4.3]). For V G Repg, a {K -) derivation S : 2 ^ V is a K-linear map such 
that S{[X, X']) = XS{X') — X'(5(X) for X, X' G g. Denote by Der(g, V) the space of derivations g ^ V^. Note 
that DeT{Q,V) coincides with the space of 1-cocycles of the Chevalley-Eilenberg complex HoiaK {A* g,V). 



Lemma 1.6 (Koszul-Leger, [Hoch, A special case of Lemma 3]). //g is solvable, then the S-functor 

H(g, -) : Repg ^ Vec^ 

is effaceable. 

3 



2. p-ADIC EXTENSIONS AND LlE ALGEBRAS 

In this section, we fix the notation concerning p-adic extensions and the Lie algebras associated to them 
which we use later. 

Let ti,...,td G kK be a p-basis of fc^ and choose a lift ti,...,td G Ok of ti, . . . ,td. Let Kc^ — 
Kinpoc ,---,t^d ) ^i^d H = G-^/^f^ and T = Gk^/k- 

Let X ■ Gk be the cyclotomic character and let Kcyd/K be the cyclotomic Zp-extension. For 

nel, denote the n-th Tate twist by (n). Let U' = x{Gk), U = {I + 2pZp) n C/' , T = C/' n (Z^)tors- 

Let c e N>o such that U ^1 + 2p'=Zp. 

Let e = (Cp: Cp^^i ■ ■ ■ ) be a generator of Zp(l) and ifarith = K{fj,po^). Let rs'=°'" = Gi^^/x^ith s-'^d 
panth _ Gx^^.ji^/jc, F'^'"^' = Gx^y^i/K- Regard r'^''*'^ as a closed subgroup of F by the canonical injection 
Gk ^u/k — G , , „-oo „-oo, ^ F, which is a section of F — > F''"'^. Then, we have an isomorphism of 

topological groups F ^ F^"*'' k rs<=°". Let 7^- e Fs°°'" for 1 < j < d such that Jj{tf^) = Cp"*^ " 
n e N. We have isomorphisms Fs°°" ^ Z^; 7^- 1 and x : F^"*!^ ^ U' . Hence F = [/' x Z^, in particular, F 
has a p-adic Lie group structure. Let q = Lie(F), = Lie(FS™'"), g'^"*'' = Lie(F''"'h) ^cyci ^ Lie(F'=y'=i). 

By the identification 



fU' Zp ••• Zp\ 



C GLd+i(Qp), 



V 1/ 



we have 

[Qp ■■■ Qp\ 
= QpxQ^= ( Q I C0l,+i(Qp) 

where Qp acts on by the scalar multiphcation and 98°°™ ^ Qp,0''"*'' = g'^^'^' = Qp. 

Let exp : g — > F be the exponential map whose domain is 2p'^Zp k Z^ C g and image is f/ K Z;^ C F and 
let log : F ^ g be the log map. Let Xq = (1,0), Xj = (0, Cj) £ g = Qp k Q^ for 1 < j < d with the j-th 
basic vector = (0, . . . , 1, . . . , 0) G Q^ and let 70 = exp (2p'^Xo), 7j — exp {Xj) e F for 1 < < d. Note that 
{Xi}o<i<d is a basis of g and we have [Xq, Xj] = Xj, [Xj, Xfe] = for 1 < j,k < d. 

3. Hyodo's calculation and Sen's theory 

Let 9]^ -.^ K ® lim^ 17^^/2;/P"^c>^/z- For a £ Gr, let Sj(f7) e Zp such that (^{tf")ltf" = Cp-^''^ for 
all 11 E N. Note that the continuous map e^^ : Gk Zp(l);o' ^ e''j('^' is a 1-cocycle. 



Theorem 3.1 ( [|Hyo| , Theorem 1, Remark 3]). 

(i) forneZ\{0},HO„„t(GK,Cp(n)) =0 andHO„„t(G;^,Cp) -if. 

(ii) For q > 0, n G Z, we have 



dimx H^„j,t(GK,Cp(n)) 



otherwise. 



(iii) H;';Q,jj(G/f , Cp) is generated by logx a^^rf ^^^^^.(Gif, Cp(l)) is generated by e^^ for 1 < j < d. 

(iv) For q > 0, we have canonical isomorphisms 

Aml,,,{GK,Cp{l)) ™P HL,t(GK,Cp(q)) 
Hi„„t(GK,Cp) ® (A«-iHi,„,(G;^,Cp(l))) ^APHL,t(GK,Cp(g - 1)). 



Proof. We have only to prove the latter assertion in (iii). By |Sch, Proposition 3.4.3(ii)], dlogi^ := dtj/tj G 
i}]^ for 1 < j < d is a bas is of il^ over K and the image of dlogtj by the canonical isomorphism 17]^ = 
Hi„„t(GK,Cp(l)) is e'^ by §4]. □ 



Theorem 3.2 ([prj, Theoreme 1, Theoreme 2]). 



(i) Repc Gk ^ Rep^T; V i-^ induces an equivalence of Tannakian categories with a quasi-inverse 

(ii) For V G Rep^^F, let he the union of T -stable, finite dimensional K -vector subspaces ofV. Then, 

G Rep^^r and Rep^^F Rep^^r;V^ induces an equivalence of Tannakian categories 

with a quasi-inverse V t— > V . 



Definition 3.3 §§3.2.]). ForV G Rep^^F (resp. Rep^^^FS''""', Rep^^^^^^^F™*^, Rep^^^_^jF'=>"=i, Rep^F), 

the differential representation d{V) G Repgi^-^ {resp. Rep gf^^™, Rep , Rep g^^'^'^^, Rep g/c) ofV is the 
vector space V with an action of X € q on v £ V defined by 

X{v) = lim "^^P^^^) ''^ (v), t £Zp,Vp{t):$>0. 
For V G Repc Gk, put Ds^V) = 



Lemma 3.4 ([Br:, Theoreme 5]). (i) The functors d in Definition |g. j| are well-defined and functors of 
Tannakian categories. 



(ii) For V e V £ Repx^F {resp. Rep^_^FS™"\ Rep^^^.^^^F^"*'', Rep^^^^^^F'^y'^i, Rep^F), there exists 



an 



IS 



open subgroup F„ F {resp. Ff°'" <o Fg™"\Fj;"*'' <o F"'*'' , F^y^^^ <o F'^^'^^F^ <o F) suc/i f/iat 

7(w) = exp (log7)(w) 

/or7GF, {resp. Ff"-, Ff F^^', F„). 

(iii) For V G Rep^^F {resp. Rep^^FS™-, Rep^^^^^^F-"*^^ Rep^^^^.F^y^i, Rep^F), W{QK^,d{V)) 
F {resp. F8'=°"\F^"*'\F'=y'=\F)-sta6Ze, t/iat is, HO(0;f^ , a(T^)) G RepK<^r {resp. Rep^_^ F8'=°"\ Rep^_^ 
RepK.,.,r^^^',Rep^F). 

(iv) There exists canonical isomorphisms 

®K HomRep^^r(^i, ^^^2) = HoniRep {d{Vi) , d{V2)) for Vi,V2 £ Rep^^F 
HomR,ep^^r.eo..(yi, ^2) - HoniR.p ^--'(^(V^i), ^(^2)) for ¥^¥2 e Rep^^rs<=°'° 
ifarith ®K HoniRep,, . ra..th (l/i , ^2 ) ^ HoniR.p (9(l/i), a(V2)) /or Vi, ^2 G Rep^f^,,,,r^"*'> 

ai ith arith 

i^cyci ®K HoniR^p^, rcycK^i, ^2) = Honij^^p ^..o, (9(^1), 9(^2)) /or ¥^¥2 £ Rep^_^^^ F^^^'. 

(v) Forl/1,1^2 eRepK^F {resp. Rep^^FS--, Rep^^^.^^,^r-"th^ Rep^^^^ F^y-i), 

Vi ^ V2^d{Vi)^d{V2). 



Proof, (i) By restricting to one-parameter subgroups (over Zp), the same proof of |Sen, Theorem 4] proves 
the convergence of the action of X. And the hnearity of this action foUows from the fact that the Lie algebras 
act on unit objects {Koo, ^^arith, • ■ • ) as derivations over K, hence trivial, and the usual Lcibniz-rule. And 
the action of Lie algebras actually give representations is an easy consequence from the Campbell-Hausdorff 
formula. 

(ii) The same proof of |Sen, Theorem 4] works. 

(iii) By the commutativity of rs™"\ F^"*!^, F'^^'^^ we can assume V G Rep^^F, Rep^F. Then, the as- 
sertion follows from the following relations which is easy to compute (cf.jBri, Proposition 7]): For 7 G 

{Xq commutes with 7 \ Xjj — x{'y)~^l^j for 1 < j < d 

Xo7j = 7j(Xo + Xj) for 1 < j < d, 1 Xj commutes with 7^ for 1 < j,k < d. 



(iv) ( [ Fon , Proposition 2.6(i)]) Let us prov e the first assertion. Since Repj^^F and Repgi^^ are Tannakian, 
we can assume Vi = K^o by Lemma Then, the assertion is equivalent to show the isomorphism 
Koo ® V2 = 9(V2)^^°° . To prove this, by replacing V2 by 9(V2)^'^°° , which is an object of Rep^^^F by (iii), 
we can assume that Qk^ acts trivially on d{V2). By the definition of the functor d, this implies that the 
action of F on V2 is potentially admissible. By Hilbert 90, F acts admissibly on V2. The rest of the assertions 
are proved by the same argument. 

(v) The same proof of |Fon, Proposition 2.6(ii), Lemme 2.7] works. □ 



4. Classification of irreducible representations 



Lemma 4.1 (Lie's theorem). There exists canonical equivalences of categories 

Rep'"-0K^ -Rep'"B?J^h 

RepS-'-^r-RepS-l^^r^y^'. 

Proof. Let D £ Rep qk^- Since qk^ is solvable and [sk^,3k^] = 0|f°™' 0?°™ ^'^^^ nilpotently on D by 
Lie's theorem. If D G Rep'^^gi^^, kills D, which implies the first assertion. 

Let V G Rep^^F. Then, by applying Lemma |^(iv) with Vi = K^, we have Koo 'S> T/r"""" = 
and the RHS is non-zero. Hence, if ^ G Rep'^'^F, then K^o "Sf V^'^°°'^ = V. So, the assertion follows from 
the canonical equivalence Rep^ . F™**^ S!^ Rep^ F'^^'^' (Hilbert 90). □ 



Construction 4.2 ( [ |Fon| , p. 41]). Denote by K/Gk the quotient of K by the canonical action of Gk- Let 
a ^ {xi, ...,Xn} G K/Gk- Put Pa{X) = ni<i<„(X - Xi) G K[X] and = K[X]lPa{X) and let Or^ 
be its integer ring. Let F^^'^' be the maximum subgroup of F'^^'^' such that tip(X logx(7)) > — 1) 
for all 7 G FJj^'^' where X is the image of X in Ka- Let Xa ■ T'^'^^ K^;^ ^ exp (X logx(7)) be 
a character and pa be the finite free O/f^ -module with the continuous linear action of F'^^'^' defined by 
[F'^y'^'] [v"^"^] with the action on Ok^ given by Xa- Let V[a] be an irreducible subrepresentation 
of i^cyci ^Ok Pc. e Rep^ F'^y'^^ 



Lemma 4.3 { poij Theoreme 2.14]). 

(i) A'cyci ®Ok Pa is isomorphic to a direct sum of copies of V^a] ■ 
(u) d{V[a]) is semisimple in Rep g^^'^^'^^ . 

(iii) Regard Rep g^'^^y as K/Gx^y^^ by associating /3 G K/Gx^y^i ^'^ ^^^cyci[-£o]/n2;e/3(-^o ^ 2;) and let 
TT : if/G^oyci ^ K/Gk be the canonical projection. Then, we have l{d{V[a])) = X]/3e7r-i(a) ^ 
Z(Rep0^^';'_^J with < r < [F'^^'^' : F^y'^']. 

(iv) The map K/Gk Rep_ff^y^,F'^y'^V'^; a ^-^ Vj^j is bijective. In particular, K/Gk RePi^-^F/'^; a 1— > 
Koo ® V[a],K /Gk RepCpGif/^; a 1-^ Cp (8) V[q] are bijective. 

Proof. As in ]Fon| , Proposition 2.5], the characteristic polynomial of Xq on V G Rep^^^^^ F'^*''^' is X-coefficient. 
In particular, 1{V) G Z(Rep 9^^*^^'^^) is fixed by the action of F'^^'^'. By a simple calculation, d{Kcyc\ ® Pa) is 
isomorphic to a direct sum of (at most [F'^^'^' : F^^^']) copies of the semisimple object Kcyc\[X.o] / PaiXo) . (ii) 
and (iii) follow from these observations, (iv) follows from (iii) and Lemma |3.4| (iv). Since 9(iircyci ^ Pa) is 
isomorphic to a direct sum of copies of 9(V[q]), we have (i) by Lemma ^.4| (v). □ 

Remark 4.4. (i) Regard Z as a subset oi K/Gk- Then i^arith ® AT^^y^i V[„] = -ftrarith(n-) in Rep^^^^^.^^ F^"*'^ 
for n £ Z. 

(ii) V[^] = V[_„], V[„] ® V[n] = V[a+n] for a G K/GK,n G Z. 

(iii) 9(V[ct]) is isomorphic to a direct sum of copies of Kcyc\[X.Q]/ Pa{X.o) as a g^'^^ ^-module. 



Definition 4.5. Recall the notation of Lemma l.i. By the map Z — )■ Repj^^F/^;n 1-^ Kao{n) 
(resp. Z Rep^F/~; n ^ Xn, Z Rep Qk/^] n ^''^[Xq]/ (Xq — n)), we regard Z as a subset o/Rep^^F/~ 
(resp. Rep^F/~,Rep0if/~). Note that Rep^^F (resp. Rep^F, Rep^ g^) is an exact, Tannakian subcate- 
gory o/Rep^_^F {resp. Rep^F, Rep g^). Also, we define Kep^^GK in a similar way. 

5. Decomposition of categories 

Lemma 5.1. The canonical map 

d ■■ ExtJ,,p^^r(yi, V2) ^ ExtJ,,p i^iV^), diV^)) 
is injective for Vi, V2 G Rep/f F. 



Proof. Let £ be an exact sequence 



0- 



■V ■ 



■0. 



Choose basis {aj}i<i<„ of HomRcpj^^r(^i, ^) and {/3i}i<j<m of EndRcpj^,^r(Vi) with /3i = idy^. Let P e 
^mn{K) be the coefficient matrix of {vr o ai}i<i<„ with respect to {/3i}i<i<m- Then, we have 

~ <^ d{n) has a section in Repg^^^ -Px *(1,0, • • ■ ,0) for some x G K!^ 

<^ Fx = 0, • • • ,0) for some x e isT" <^ vr has a section in Rep^^^F <^ [£] = 0. 

□ 



Lemma 5.2 (cf. Theorem Lei 5o ^ 9k ^ K he the K-linear map defined by (Xo,S£i, 

(1,0,..., 0) and for I < j < d, l et Sj : qk ^ K[Xq\/{Xq~1) be the K-derivation defined by {Xq, . . . 
(0, . . . , 1, . . . , 0) (c/. Definition 

(i) For a e (K/Gk) \ {0}, R^'iQK, K[Xo]/ Po^iXo)) = and R^isx^K) 9^ K. 

(ii) For q > 0,a E K/Gk , we have 



...,Xd) ^ 



dimK H*(0A',if[Xo]/Fa(Xo)) = 



a = q,q-i 

otherwise. 



(iii) H^^Qk, K) is generated by Sq and iV-{gK,K[Xa]/{Xo — 1)) is generated by Si, . 

(iv) For q > 0, we have canonical isomorphisms 

Am\gK,K[Xo]/{Xo - 1)) ™PH«(gA,X[Xo]/(Xo - q)) 

R\gK, K) ® (A«-iHi(0K, if[Xo]/(Xo - 1))) H«(0a, if[Xo]/(Xo - {q - 1))). 

Proof. Recah the notation of Definition Let g > and let D g Repg/f which is killed by Then, 
for 5 e Homii-(A''0ii:, D), we have 

d%{Xo A Xi, A • • • A X^J = (Xo - g)5(Xji A • • • A X, J 
d«,5(X,, A--- AX,_) = 



for 1 < < d. Hence, together with Lemma L4, (i) follows immediately and we have 

W{gK: K[Xo\/ Pa{Xo)) = for a 7^ with g > 0. Moreover, for g > 0, {5i^\J- ■ ■iJ5i^}i<i^<...<i^<d isaba- 

sisoiW{QK,K[Xo]/{Xo - q)) and {(SoUJiiU- • ■^5i^_^}i<i^<...<i^_^<d is a basis of H'J(flA-, ii:[Xo]/(Xo - (g - 1))), 
which implies the rest of the assertion. □ 

Corollary 5.3. Let Z' = (K/Gk) \ Z and let {a, (3) e Z x Z' or Z' x Z. Then 



Ext 



Ext: 



Rep gf 



(Xoo[Xo]/Pa(Xo),ifoo[Xo]/P,3(Xo)) = 



/or z = 0, 1. 

Proof. Since (if [Xo]/Pa(Xo))^ (g) K\Xo]/Pg{Xo) = if [Xo]/P/3-q(Xo), the assertion follows from Lemma pTl] , 
Remark 14 (iii). Lemma 5J and Lemma 5^(i),(ii). □ 



Note that K/Gk Rcpqk/- 



K\Xo\/ Pa{Xo ) is a bijection b y L ie's theorem as in Lemma 4.1 . The 



following corollary is an easy consequence of Lemma 1.2 and Lemma [4.3|(iv), Corollary 5.3 



Corollary 5.4. Letp ,p be as in Lemma l.i. We have canonical equivalences of abelian categories 

(/,/') : Repc^Gx = Rep^^GK x Repg^G^ 

(/,/') : Repgx ^ Rep^g^r x Rep^' qk- 

Our aim of the rest of this section is to prove that Rep^^F is equivalent to Rep^ qk as a Tannakian 
category. 
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Proposition 5.5. For V G Rcp^F, the canonical map 



Hcont(r, V) Hjont(r, Vk^ ) 

is an isomorphism. 

We prepare for the proof of this propositfon: 

Construction 5.6. We define a functor of Tannakian categories V : Rep^ Rep^F as follows. For 

D £ Rep^ qk, V(-D) be the vector space D with an action of F given by, for v £ D, ^{v) — exp (log7)(t;). 
We will see that V is well-defined: We have only to prove that the RHS converges. 

Let = SEq** + Xg'' be the Jordan decomposition of Xq on Z?. Take an Xo-stable flag of D. By taking 
a basis associated to this flag, regard Qi{D) as yir{K) with r — diniA' D as a. ii'- vector space and v be the 
valuation v{X) = inf i<ij<r fp(a;i j) for X — {xi,j)i<i,j<r G M,.(i4'). Note that v{'X^q) > 0. 

Let logF := Im(log : F ^ g) ^ 2p'^Zp k C Qp k Q^. To check the convergence, we will see that, for 
X G logF, Iiin7;((rt!)^-'^X") = oo. Let X = ioXo + iiXi + ■ • • + id^d with iq G 2p'^lip, ii . . . ,id G Zp. Take 
A/ > such that (XfJ'^)^^ = 0, (XjY'^ = for 1 < j < d. We can see that, for n > 0, a product of length n 
consisting of ioXq, . . . , id^d is written in the form, for some k > n — dM, 

(a product of length n ~ k consisting of iiXi, . . . , idXd) 

X (a product of length k consisting of the elements of a form «oXo + ioa, a G Z). 

This follows from the relation XpXj — Xj(Xo + 1) for 1 < j < d and the commutativity of Xi, . . . , X^. And, 
for fc G N, a product of length k consists of zoXq + ioa, a G Z is written as a linear combination over Z of the 
elements {ig(Xg")"(X^")'=-™|0 <m< M}. Hence, we have 

V (^^^") = « (^^'°^° + ■ " + ^-i^-^)") >C+in^ dM)vp{2p') - Vpinl) 
with the constant C := info<jt,,... j-^<m i'(X{^ • • • X;^''(Xg'')^"), which implies the assertion. 

Proposition 5.7. d : Rep^^F — > Rep^g/f gives an equivalence of Tannakian categories with a quasi-inverse 
V. 

Proof. Let F*' <]o F be the image of the exponential map g — *■ F and define Rep^F° similar to Definition 
Since d oY = idj^^pZ , we have only to prove that V is an equivalence. 

It is easy to see that the restriction functor |ro : Rep^F — > Rep^F'^ is faithful by Lemma 1.1. Together 
with the fact that the composite functor 

V|ro : Rep^ g^ ^ Rep^F ^ Rep^F" 

is an equivalence, V is fully faithful. 

Since ImV contains all the irreducible representations of Rep^F, the assertion that V is essentially 
surjective reduces to, by devissage, proving that Ext^^pZ (Z^i, I?2) ^ Ext^^pZ p(V(r'i), V(i?2)) is sur- 
jective for Di,D2 G Rep^ qk- To prove the latter assertion, we have only to prove the injectivity of 
Extp^p^p(VL, V2) — > Ext^j,p;^po(^4|r«j ^2|ro) for Vi,V2 G ImV. By Lemma ^]l[ we can assume Vi K. 

By devissage and the inflation-restriction sequence, the assertion follows from — for n G Z \ {0} and 
Hj„,t(F/F", K) - Hom(F/FO, K) = 0. □ 



Definition 5.8 ([Fon, §§2.3]). Let K^ogt] he a polynomial ring with a T^^'^'^ -action given by 

7(logt) = logtH-logx(7)- 

{i.e., t = loge.) Note that K[\ogt]<'- := ©o<«<ri^(logi)" G Rep^F^y'^' and d{K[\ogt\<'-) = X[Xo]/X5 as a 
2'^^'^^ -module. 

Proposition 5.9. IfV £ Rep|-F satisfies 1{V) G Z • 0, then V ^ K[\ogt]<''^ ® • • • K[logt]<''>' in Rep|-F. 



Proof. Note that K[logt]^^ £ Rep^F. Then, by Proposition 5.7, we have only to prove the following: If 
D G Rep qk satisfies 1{D) e Z ■ 0, then D = K[Xo]/Xo^ ® ■ • ■ (B K[Xo]/X^o' ■ Since in the case diniK = 1 we 
have D K,hy devissage, we have only to prove that, for D — K[Xa]/X.Q^ © • ■ • (B K[Xo]/Xq'' , the canonical 
map Extp^p ^cyci {K, D) — > Extj^j,p {K, D) is an isomorphism. This follows from the same calculation in 
the proof of Lemma 5.2. □ 



Combining the following two lemmas. Proposition 5.5 follows. 
Lemma 5.10. For V G Rep^^F, the canonical map 

K^®d:K^® ExtLp,^r(^oo, V) -> Ext^p {Koo,d{V)) 

is injectivc. 

Proof. By devissage, we can assume V = Koo{n) for n G Z. In this case, we will prove that the above map 
is an isomorphism. By Theorem 3.2, the canonical map 

HL,t(r,i^oo(n)) -> Rl,AGK,Cp{n)). 

is an isomorphism. Then, by Theorem we have ill^^^{T, Koc{n)) = for n 7^ 0, 1. 

• n = : By Theorem 3.1(iii), II;';q,j^(F, i^oo) is a 1-dimensional ii'-vector space generated by logx. The 
corresponding extension is 



logx : 0- 



0, 



where the F-action on Koo © i^oo is given by 

7(1,0) = (1,0), 7(0,l) = (logx(7),l)- 
Hence the matrix of the actions of Xq, Xi, . . . , on the basis {(1, 0), (0, 1)} of d{Koo © Koo) are given by 





















2 




2) 



since 



Then, the canonical map Koo ®k Hjont(-'^i -^00) — > H^(0ifooi ^00) is an isomorphism by Lemma 5.2 
this map sends [logx] to [i 5o]. 

• n = 1 : By Theorem ^.l| (iii), 11].^.^^{T , K ao{^)) is a c?-dimensional if -vector space generated by e^^ for 
^ ^ 3 ^ d. The corresponding extension of e^J is 



0- 



ifoo(l)' 



0, 



where the F-action on ^00(1) © Koo is given by 

7(1,0) = (logx(7),0), 7(0,1) = (s,(7),l). 

Hence the matrix of the actions of Xq, Xi, . . . , Xj, . . . , X^ on the basis {(1, 0), (0, 1)} of d{Koo{^) © Koo) are 
given by 



1 









1 









Hence, the canonical map Koo ®k Hcont(r: ^cx;(l)) (gxoo , if 00 [^0] /(-^o ~ 1)) is an isomorphism by 

Lemma 5.2 since this map sends [e*^] to [5j\ for 1 < j < d. □ 

Lemma 5.11. For V G Rep^F, there exists the following commutative diagram 



Ko 



1 Ext 



{K,V) 



^oo®ExtJ,,p.^^,(if,a(i-)) 



Koo ® Ext^,p^^r(^oo, Vk^ 



ExtLpB,^ {K^^d{V)Kj. 



Construction 5.12. Let V G Rep^^F. We will prove that there exists a maximum element Vq in the set 



{W C V\W is a finite dimensional F-stable iC-vector space such that 1{W) G ©„gz^ • n C 2'(Rep^F)} 

and the canonical map K^c Vo — > is an isomorphism. We proceed by induction on r = dim^^-^ V. When 
r = 1, we can assume V — Koo by tensoring with V[„] for some n G Z. We have only to prove Vq = K. Let 
W C Koo be a non-zero i^- vector space satisfying the condition above. Then, the action of F on factors 
through a finite quotient. Since the action of F on Xn for n ^ 1 factors through a finite quotient if and 



only if n = 0, we have Z(W^) £ Z • 0. By Proposition 5.£, VF is a direct sum of representations of the form 



if [logt]^''. Since the action of F on i\r[logi]^'' factors through a finite quotient if and only if r = 1, F acts 
on W trivially, i.e., W — K. For general r, after tensoring with some V[„], n G Z, we have an exact sequence 
in Rep^^F 

£ : ^ V — ^ V Koo ^ 0. 



By Proposition 5.5, there exists a unique extension 

So : ^ ^ Vo ^ K ^ 

of K by Vq in Rep^F such that [£] = Koo ® [^o]- If Vq C PF satisfies the condition above, then we have 
a-\W) C Vfi,P{W) C K, i.e., W = Vq. 

Thus, we have 

Proposition 5.13. The functor Kep^^T Rep^F; V ^ Vq induces an equivalence of Tannakian categories 
with a quasi-inverse V i-^ K^o ® V . 



6. Calculation of Galois cohomology 
Our aim of this section is to prove the following theorem: 

Theorem 6.1. For V G Repc^^G^, Hcont(GK, V) = 0. 

For a finite extension K' /K, regard K' — K and Gk' C Gk- Then, for V G Repp^G^, we have 
F|gj^„ G RepCpGx': To prove this, we can assume that K' /K is Galois and V is irreducible, i.e., V = Cp(X)V[c] 
for a G {K /Gk) \ And we have only to prove that HomRepc Gj^/ Cp ® ^[a]) = for all n G Z. By 

Lemma and Remark 4.4 (ii), we can assume n = 0. In this case, the assertion follows from 

dimx' Kont {Gk' , Cp ® V[„] ) = dimx H°„„t (Gk , Cp Cg) V[„] ) = 

where the first equality follows from Hilbert 90 and the latter one follows from Corollary |5.3| . Hence, to 
prove the theorem, we can replace K by its finite extension satisfying Assumption 8.1. (Such an extension 
exists by a theorem of |Epp|.) In particular, we have -fCarith — K^ycX and we can apply the argument of 
[ Bri , §2] (cf. Appendix). Moreover, by the canonical isomorphism IIcont(Gi<-, y) = Hcont(r, (see [|Hy4 
Lemma (3-5)]) and devissage, we have only to prove 

Proposition 6.2. For a G (K/Gk) \ Z, we have IIcont(r, i^oo ® V[a]) — 0. 

For 1 < j < d, let F^J) := 1^ < ps™'" and k!^} := K(pj,^ ,t\°° , . . . ,tf°° ). For \ < j < d, let 
B(^) := lim^^ [K'g^^\tf^) : if£"'^]"'Tr^o_i)^^,-.^^^y_i) : K^£ ^ K^^'^^ be the normalized trace map of 
Tate. 

Lemma 6.3. (i) 9^^^ is a bounded Kj£ ^"'-linear map. Passing to the completion, denote again 9^^^ : 

K^J) ^ ifS"'^ Let ker9^^\Xf := X, n Oc,- 

(ii) Hco„t(F(^\XjAf*) anrfHcont(rs'=°'",Xj/X]"') are killed hy some power of p . 
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Proof, (i) In |Bri, Before Lemme 4], it is proved that the normalized trace map Koo 

K(pp-yc,t\ ) (defined similarly as above) is a bounded iir(^poo,t^ )- 

linear map. By restricting this map to , we obtain the assertion. 

(ii) To prove the first assertion, we can assume that the degree is or I. Then, the assertion follows from 
the same argument of the proofs of |Tate, Proposition 7,8]. The latter assertion follows from the first one by 
using the Hochschild-Serre spectral sequence. □ 



Corollary 6.4 (cf. |Hyc, Proposition (2-1)]). (i) The kernel and cokernel of the canonical map 

are killed by some power of p. 
(ii) Let p be a finite free Ok -module with a continuous linear action ofV^^''^. Then, we have a canonical 
Y'^y'^^-equivariant isomorphism 

Proof, (i) follows from the decomposition of discrete rs°°'°-modules K^o/Ok^ = -K^cyci/C/foyci 
• ■ • © Xd/ X™^ and (ii) follows from a direct computation. 

Let := lim^^ [K{p,pn ) : K] ^T^T:K(p,prz)/K ■ ^cyci and K be the p-adic completion of i4r(i:5' 
Note that K is a CDVF with a perfect residue field. 



□ 



t^ 



Lemma 6.5 ([Tate, Remark of (3.1), Proposition 7]). 

(i) 0^°) is a bounded K-linear map. 

(ii) Let A G GLr{OK) C GLj.{Kcyc\) such that A=\ mod ttk and 1 — is invertible for all n £ N. 
Then, for 7 G P'^^'^' \ J — A induces an automorphism of a p-adic Banach space on -R'cyci • 



Proof, (i) Since the normalized trace map 

0(0) , 

Kcyci ^ K is a bounded K-linear map by |Tate| , Remark of 
(3.1)], we obtain the assertion by restricting 6*^°^ to Kcyd. 

(ii) The same argument of [Tate, Proposition 7] works. □ 



Lemma 6.6 (|Hyo, Lemma (3-6)]). Let G be a profinite group and V be a topological G-module with a 
G-submodule V' such that V = lim V/p^^V . Then, for q >0, we have canonical exact sequence 



0- 



^^cont 



{G,V) 



■ lim^ H?,„t(G,Wr) 



■0. 



Proof of Proposition \6.^ Recall Construction 4.2. Applying the above lemma to V — Koo ®Ok Pa,V ~ 
Ok^ ®Ok Pa, we have only to prove that H^Q^t(r, i^oo/Cifoo ®Ok Pa) is killed by some power of p. By 
the Hochschild-Serre spectral sequence and Corollary and Remark ^!^(ii), we have only to prove that 
Hcont(r'^'*"^', -f^cyci/Oifoyci ® Pa) IS killed by some power of p for g = 0, 1. To prove this, we can replace P'^y'^' 
by its open subgroup P^'"^^ 

Let r = #«, m = [P'^'"^^ : P^^^^']. For a topological generator 7^ e T"^"^, let A e GLriOx) be the matrix 
of on Pa with respect to the basis 



7o ® 1, 



,7o"-i®l,7°®X,.. 



,10<E>X'' 



,7o ®^ 



Then, one can easily see that A satisfies the conditions of Lemma |6.5| (ii) . Hence, the assertion follows from 
the same argument as [ Tate , Proposition 8] . □ 



Corollary 6.7. For V £ Kep^^GK , H^o,jt(Gif , V) is finite dimensional over K and vanishes for q > d + I 
and we have 

^(-l)'dim;,HL,t(GK,^) = 0. 



Proof. By devissage, this follows from Lemma |4.3|(iv). Theorem 3.1 and Theorem 3.1 



□ 



7. Proof of main theorem 



Lemma 7.1. The S -functor 



is ejfaceable. 



Proof. We have an equivalence (p ,p ) : Repc Gk — Repc Gk x Rep^ G^- (Corollary 5.4) and for V G 



Repc^Gif, we have DseniV) G Rep by Lemma |4.3|(iii) and H(gj<-^ , -Dscn(^)) = by Lemma p3.2|(i),(ii). 

So we have only to see the effaceability for V G Rep^ Gk- By the commutative diagram 



Rep^G^ 



Rep Sk„ 



■Repi^r 



(-)o 



Rep^r 



Rep qk, 

we have only to check the effaceability of the (5-functor H^qk, — ) '■ Rep^flK Vec y This follows from the 
equivalence {p^,p^ ) : Repgi^ — Rep^SA x Rep^ Qk (Corollary ^) and Lemma 1.6, since g is solvable. □ 



Let i be the morphism of i5-functors from Rep^^ Gk to VecA^ 

Il{gK^, Dscni-)) -ftToo ® Hco„t(GA',-) 



induced by Lemma p.4| (iv) and Lemma 7J 



Lemma 7.2. t zs compatible with the cup product. 

Proof. By dimension shift, we have only to check at de gree 0. In this c ase, the lemma follows from the fact 
that -Dson is compatible with tensor product (Theorem |3.2| and Lemma |3.4| (i)). □ 



Lemma 7.3. t is an isomorphism at degree 1. 

Proof. Let /i be the morphism of (5- functors from Rep^^GA to YecK^ 

fj, : H(fl_R-^,Dscn(-)) Koo ® ExtRopj,^Gjf (Cp, -) 

induced by the effaceability of H(gA'^ 7 -Dgcn(—)). Note that the functorial isomorphism Exto^ q (Cp, — ) 
HcontlGx, ~) for q = 0, 1 is compatible with the connecting homomorphisms, that is, for an exact sequence 
in Repc Gk 



0- 



V 



V"- 



0, 



there is a commutative diagram 

HomRepc GK-(Cp,T^") 



Hcont(GA, V") 



■ Hjont (Gat, V^')- 



where 5 denote the connecting homomorphisms. So, we have only to prove that /i is isomorphism at de- 
gree 1. Let ^ : KoD ® ExtRepj, Gj<(Cp,— ) — > H(gAoo,— ) be the morphism of (5-functors defined by the 

composition K^o » ExtRop^^C/f (Cp, -) ExtRep g^^^ (JSToo, -Dsen(-)) Ext[/g^^ (JsToo, £'scn(-)) = 

H(0A^ , Ds cn{— )). Then, ^ o /x is identity at degree 0, which implies ^ o ^ = id. Since ^ is injective at degree 
1 (Lemma 5.10), we obtain the assertion. □ 



Proof of Theorem 0.1. We will prove that i is an isomorphism. The case degree < 1 is already proved. By 
devissage and Lemma F^(ii), Theorem 3.1, we can assume V — Cp{n), n G Z and in this case, the assertion 
follows from Theorem 3.1 (iv). Lemma 5.2 (iv) and Lemma 7.2. □ 



Remark 7.4. Define the functor D : Rcpc^Gx — > Repg/^ as tlie composite 

Repc^G;, ^ Rep^^G^'tn! Repl^r ^ Rep^r ^ Rep^K — RepflK. 



7.1 



Tfien, the J-functor H(£iif, £)(—)) : Rcp^^Gx YmLk is effaceable by the same argument as Lemma 
and we have a canonical isomorphism H[?Q„^(Gif , V) — > Y{^{qki D{V)) by the construction. Hence, we have a 
canonical isomorphism of (5-functors Hcont(Gi<-, — ) H(gx, £)(—)) (note that the J-functor Hcont(G/f,— ) : 
RepCpGif is effaceable by Theorem and Lemma [zH] ). 



8. Appendix (Errata on [pr|) 



Let the notation be as in |Bri]. In this appendix, we point out the following errors in the paper |Bri| and 
give the argument to fix them. 

• p. 795, 1.16-17. ■ • ■ F' s'identifie a un sous-groupe (distingue). On note Koo = K^^" , . . . 

First, F' is not distinguished in Gk^^^ik'- T' is not even normal since ^(^) = ^(^i i ■ ■ • i ) is not 
Galois over K. Second, this is more serious, Fj^j.^ is not normal in Gk^^^k in general: is normal if 

and only if = 1, that is, ^ G X where C, — C,p ii p is odd, C = Cp^ if p is even. So, we cannot put 
F = Gsl{Koo/ K) as in 1.19 in general. 

• p. 798, Lemme 1. 

In the proof, the author seems to assume that the residue field extension of k'^j^^/ Km is generated by 

the image of , but since the residue field extension of K{^pm+i) / K{^pm) can be inseparable, this 

does not happen in general. So, the proof of Lemme 1 does not work in ge neral. 

To fix these problems, we put the following assumption, similar to | Hyo , (0-5)], in §2, §3. Recall that the 
canonical subfield ilTcan of K is the algebraic closure of the fractional of the Witt ring of the maximal perfect 
subfield of fc \n K . 

Assumption 8.1. C, £ K and the ramification index of K / Kcan is 1. 

Note that under this assumption, the original proof of Lemme 1 works. Since the original proofs of 
Theoreme 1, Theoreme 2 in §§3.1 are verified only under this assumption, we add the following proofs of 
general case. 

Proof of Theoreme 1. Just put K as the p-adic completion of -R'(t^ , . . . , ), then the original proof 
works. □ 

Definition 8.2. Let K he a CDVF, LjK he a Galois extension. Let Rep^* as in notation and convention. 
For V G RepjG/^/zf , let he the sub-L-vector space of V generated hy v ^ V such that G[^/k ■ (Kv) is 
finite dimensional over K . We call L/K satisfies * if 

Rep^GL/K Rep^GL/i^; V ^ L®lV 
is an equivalence with a quasi-inverse V ^ . 

Lemma 8.3. Let K be a CDVF and L/M / K he algebraic extensions with L/K Galois. 

(i) If L/M is finite and M / K is Galois, then 

L/K satisfies * <^ AL / K satisfies * . 

(ii) IfM/K is finite, then 

L / K satisfies * <^ L /M satisfies * . 
Proof, (i) This follows from the equivalences 

(_)Gi,/M . Rep^Gi/K Rcpa/Gm/k, Rep^Gi/K Repj^GM/K 
(Hilbert 90) and the commutativity of {-Y and (-)<^i/M. 
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(ii) Since the restriction Gl/k Gj^jM commutes with (— )^ the RHS imphes the LHS. Assume LjK 
satisfies *. Let L{Glik)tL{Gl/m) be the semihnear group rings of Gl/ati G^/m over L. For V G Rep^G^/M, 
let V' := {L{Gl/k) ®l(Gl/m) ^^^^l/m/^ G Repj^Gi/A/. Then, by the short exact sequence in Repj-G^/M 



0- 



■ L{Gl/k) 



V ■ 



H,Gl/m) 

we have, by the left-exactness of (— )^ and the snake lemma, 

ker(L8)L {V^) -^V) = Q 
coker(L ®l {V^) ^ V) ^ ker {L®l {V'Y - 
This implies that the canonical map i 0l (V"^) ^ is an isomorphism 



0, 



V) 



□ 



Proof of Theoreme 2. Follow the notation of |Bri|. Let be a Cohen subfield of K such that Kq contains 
ti,...,th- (Such a Ko exists by |Whi, Theorem 2.1].) Then, we have (1^0)00 C Koo and (i^o) 00/^^^0(0 
satisfies *. Let L/K be a Galois closure of Koo/Kq. By applying the above lemma to the diagram of 
algebraic extensions 

(-f''o)oo Koo L 



KoiO 



Kn 



we obtain the assertion. 



□ 
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